We determine masses and decay constants of heavy-heavy and heavy-charm pseudoscalar mesons as a function of heavy quark mass using a fully relativistic formalism known as Highly Improved Staggered Quarks for the heavy quark. We are able to cover the region from the charm quark mass to the bottom quark mass using MILC ensembles with lattice spacing values from 0.15 fm down to 0.044 fm. We obtain fB c = 0.427(6) GeV; mB c = 6.285(10) GeV and fη b = 0.667(6) GeV. Our value for fη b is within a few percent of fΥ confirming that spin effects are surprisingly small for heavyonium decay constants. Our value for fB c is significantly lower than potential model values being used to estimate production rates at the LHC. We discuss the changing physical heavyquark mass dependence of decay constants from heavy-heavy through heavy-charm to heavy-strange mesons. A comparison between the three different systems confirms that the Bc system behaves in some ways more like a heavy-light system than a heavy-heavy one. Finally we summarise current results on decay constants of gold-plated mesons.
I. INTRODUCTION
Lattice QCD calculations offer particular promise for B meson physics where a number of relatively simple weak decay processes give access to elements of the CKM matrix that are important for constraining the unitarity triangle of the Standard Model [1] . The theoretical calculation of the appropriate weak matrix elements must be done with percent accuracy for stringent constraints, making optimal use of the experimental results. This has not yet been achieved, despite the enormous success of lattice QCD over the last five years and its acceptance as a precision tool for QCD physics [2] . Work is ongoing on several different approaches. Here we continue discussion of an alternative method for B meson physics that may offer a faster route to high accuracy for some quantities than other methods currently in use. Following work on accurate b and c quark masses [3] and heavy-strange decay constants [4] , we show results for masses and decay constants of B c and η b mesons and map out their heavy-quark mass dependence. As well as showing that high accuracy can be achieved, these results provide an interesting comparison of how heavy-charm mesons sit between heavy-heavy and heavy-light.
The calculations use a discretisation of the quark Lagrangian onto the lattice known as the Highly Improved Staggered Quark (HISQ) action [5] . This has the advantages of being numerically very fast along with having small discretisation errors and enough chiral symmetry * c.davies@physics.gla.ac.uk † URL: http://www.physics.gla.ac.uk/HPQCD (a PCAC relation) that the weak current that causes charged pseudoscalar mesons to decay leptonically is absolutely normalised. This action readily gives π and K meson decay constants with errors below 1% on gluon field configurations that include the full effect of u, d and s quarks in the sea [6, 7] . Results from multiple values of the lattice spacing and multiple sea u/d quark masses allow extrapolation to the real world with physical u/d quark masses at zero lattice spacing. The HISQ action gives similarly accurate results for mesons containing c quarks [6] , significantly improving on previous methods that use a nonrelativistic effective theory such as the Fermilab action [8] or NRQCD [9] . The key advantages are clear: the HISQ action has no errors from missing higher order terms in the effective theory or from the renormalisation of the decay constant [1] . The price to be paid is that of the discretisation errors. These errors are much larger for c quarks than for u/d and s, since their size is now set by m c a rather than Λ QCD a. They can be well controlled, however, using the HISQ action on gluon configurations with a wide range of lattice spacing values down to 0.045 fm where m c a = 0.2 [10] . Discretisation errors are in fact the only issue for the D s meson, for which particularly accurate results can be obtained. This meson has no valence light quarks and the dependence of both its mass and decay constant on the u/d quark masses is seen to be very small [10] , meaning that uncertainties from the chiral extrapolation are not significant.
It is less clear what to do for b quarks because they are so much heavier. To achieve m b a < 1 we need a lattice spacing, a < 0.04fm. Using NRQCD or the Fermilab formalism we can readily handle b quarks on much coarser lattices, with a ≈ 0.1 fm, but must then take a substan-
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tial error (currently 4% for NRQCD [11] ) from matching the weak annihilation current to full QCD perturbatively. Work is underway to reduce this error [12] . It should also be emphasised that this matching error is not present in ratios of decay constants, for example f Bs /f B which is known to 2% from NRQCD [11] .
Here we show what accuracy is possible using the HISQ action for b quarks. We use quark masses heavier than that of the c quark and map out the heavy quark mass dependence of both masses and decay constants for a variety of different pseudoscalar mesons. By using experience from the D s [10] and concentrating on mesons that do not contain valence light quarks we do not have to worry significantly about the extrapolation to the physical u/d quark mass limit. The key issue is that of discretisation errors, as for f Ds , and we therefore work with the same large range of lattice spacing values from 0.15fm to 0.044fm, so that we can account fully for the a dependence. It is important to separate discretisation effects from physical dependence on the heavy quark mass since we do also have to extrapolate to the physical b mass from the quark masses that we are able to reach on these lattices. We are only able to obtain results directly at close to the physical b mass on the finest, 0.044fm lattice.
We have already demonstrated how well this method works in determining the decay constant of the B s meson [4] , one of the key quantities of interest for CKM studies. Mapping out the B s decay constant as a function of heavy quark mass showed that the decay constant peaks around the D s and then falls slowly. We found that f Bs /f Ds = 0.906 (14) , the first significant demonstration that this ratio is less than 1.
Here we extend this work to map out results for the decay constants of the η b and B c mesons, along with the B c meson mass. The B c meson mass is known experimentally but its leptonic decay rate has not yet been measured and so we provide the first prediction of that in full lattice QCD. The masses and decay constants also reveal information about the nature of these mesons that can provide useful input to model calculations. For example, does the B c meson look more like a heavy-heavy meson or a heavy-light meson? It is important to emphasise that both the results determined at the b quark mass and the dependence on the heavy quark mass (and on any light quark masses) have physical meaning: the former can be tested against experiment but the latter can provide stringent tests of models and comparison between lattice QCD calculations.
The layout of the paper is as follows: section II describes the lattice calculation and then section III gives results for heavy-heavy and heavy-charm mesons in turn. We compare the B c meson mass to experiment and predict its decay constant as well as comparing the behaviour of heavy-charm mesons to that of heavyonium and heavy-strange mesons. Section V gives our conclusions, looking forward to what will be possible for b quark physics on even finer lattices in future. are given in the MILC convention where u0 is the plaquette tadpole parameter. The lattice spacing values in units of r1 after 'smoothing' are given in the second column [13] . Set 1 is 'very coarse'; set 2, 'coarse'; set 3, 'fine'; set 4 'superfine' and set 5 'ultrafine'. The size of the lattices is given by L 3 × T . The final column gives the number of configurations used and the number of time sources for propagators per configuration.
II. LATTICE CALCULATION
We use ensembles of lattice gluon configurations at 5 different, widely separated, values of the lattice spacing, provided by the MILC collaboration. The configurations include the effect of u, d and s quarks in the sea with the improved staggered (asqtad) formalism. Table I lists the parameters of the ensembles. The u and d masses are taken to be the same, and the ensembles have m u/d /m s approximately 0.2. As discussed in section I, we expect sea quark mass effects to be small for the gold-plated mesons with no valence light quarks that we study here.
The lattice spacing is determined on an ensemble-byensemble basis using a parameter r 1 that comes from fits to the static quark potential calculated on the lattice [13] . This parameter can be determined with very small statistical/fitting errors. However, its physical value is not accessible to experiment and so must be determined using other quantities, calculated on the lattice, that are. We have determined r 1 = 0.3133(23) fm using four different quantities ranging from the (2S-1S) splitting in the Υ system to the decay constant of the η s (fixing f K and f π from experiment) [14] . Using our value for r 1 and the MILC values for r 1 /a given in Table I we can determine a in fm on each ensemble or, equivalently, a −1 in GeV needed to convert lattice masses to physical units. It is important to note that the relative values of a (from r 1 /a) are determined more accurately than the absolute values of a (from r 1 ). Our fits account for this to give two separate errors in our error budgets. Table I lists the number of configurations used from each ensemble and the number of time sources for the valence HISQ propagators per configuration. To increase statistics further we use a 'random wall' source for the quark propagators from a given time source. When quark propagators are combined this effectively increases the number of meson correlators sampled and reduces the statistical noise by a large factor for the case of pseudoscalar mesons. We also take a random starting point for our time sources for the very coarse, coarse and fine ensembles.
We use many different masses for the HISQ valence quarks varying from masses close to that of the s quark to much heavier values for c quarks and for quarks with masses between c and b. On all sets the largest valence quark mass in lattice units that we use is m h a = 0.85. These propagators are combined to make goldstone pseudoscalar meson correlators at zero momentum with all possible combinations of valence quark masses. We separate them into 'heavy-heavy' correlators when both masses are the same and are close to charm or heavier; 'heavy-charm' when one mass is close to charm and the other is heavier and 'heavy-strange' when one mass is close to strange and the other is close to charm or heavier.
The meson correlation function is averaged over time sources on a single configuration so that any correlations between the time sources are removed. Autocorrelations between results on successive configurations in an ensemble were visible by binning only on the finest lattices. We therefore bin the correlators on superfine and ultrafine lattices by a factor of two.
The meson correlators are fit as a function of the time separation between source and sink, t, to the form:
for the case of equal mass quark and antiquark. i = 1 is the ground state and larger i values denote radial or other excitations with the same J P C quantum numbers. T is the time extent of the lattice. For the unequal mass case there are additional 'oscillating' terms coming from opposite parity states, denoted i p :
To fit we use a number of exponentials i, and where appropriate i p , in the range 2-6, loosely constraining the higher order exponentials by the use of Bayesian priors [15] . As the number of exponentials increases, we see the χ 2 value fall below 1 and the results for the fitted values and their errors for the parameters for the ground state i = 1 stabilise. This allows us to determine the ground state parameters a 1 and M 1 as accurately as possible whilst allowing the full systematic error from the presence of higher excitations in the correlation function. We take the fit parameters to be the logarithm of the ground state masses M 1 and M 1p and the logarithms of the differences in mass between successive radial excitations (which are then forced to be positive). The Bayesian prior value for M 1 is obtained from a simple 'effective mass' in the correlator and the prior width on the value is taken as a factor of 1.5. The prior value for the mass splitting between higher excitations is taken as roughly 600 MeV with a width of 300 MeV. Where oscillating states appear in the fit, the prior value for M 1p is taken as roughly 600 MeV above M 1 with a prior width of 300 MeV and the splitting between higher oscillating excitations is taken to be the same as for the non-oscillating states. The amplitudes a i and a ip are given prior widths of 1.0. We apply a cut on the range of eigenvalues from the correlation matrix that are used in the fit of 10 −3 or 10 −4 . We also cut out very small t values from our fit, typically below 3 or 4, to reduce the effect of higher excitations.
The amplitude, a 1 , from the fits in equations (1) and (2) is directly related to the matrix element for the local pseudoscalar operator to create or destroy the groundstate pseudoscalar meson from the vacuum. Using the PCAC relation this can be related to the matrix element for the temporal axial current and thence to the decay constant. The PCAC relation guarantees that no renormalisation of the decay constant is needed. We have:
for meson P . Here m a and m b are the quark masses used in the lattice QCD calculation. f P is clearly a measure of the internal structure of a meson and in turn is related, for charged pseudoscalars such as the π, K, D, D s , B and B c mesons, to the experimentally measurable leptonic branching fraction via a W boson:
up to calculable electromagnetic corrections. V ab is the appropriate CKM element for quark content ab. τ P is the pseudoscalar meson lifetime. For neutral mesons there is no possibility to annihilate to a single particle via the temporal axial current. However, in the Standard Model the B s and B are expected to annihilate to µ + µ − with a rate that is proportional to f 2 P |V * tb V tq | 2 via 4-fermion operators in the effective weak Hamiltonian [16] . For the heavy-heavy pseudoscalar, the decay rate to two photons is related to its decay constant but only at leading order in a nonrelativistic expansion. In section III we compare the pseudoscalar decay constant to that of its associated vector meson, determined directly from its decay to leptons.
The results for masses and decay constants from fits in eqs. (1) and (2) and using eq. (3) are in units of the lattice spacing, and given in this form in the tables of section III. To convert to physical units, as discussed earlier, we determine the lattice spacing using the parameter r 1 .
We then fit the results in physical units as a function of heavy quark mass to determine the heavy quark mass dependence and the physical value at the b quark mass. Because the bare heavy quark mass used in the lattice action runs with lattice spacing we need a proxy for it that is a physical quantity, such as a meson mass. In [4] we used the heavy-strange pseudoscalar mass since we were focussing on heavy-strange mesons. Here we choose
Estimates of shifts in MeV to be applied to the masses determined in lattice QCD to allow for missing electromagnetism, c quarks in the sea and annihilation to gluons for the η b and ηc mesons [10, 18] . The electromagnetic shift is estimated from a potential model for η b , ηc and Bc and from a comparison of charged and neutral meson masses for Bs and Ds. The c-in-sea and gluon annihilation shifts are estimated from perturbation theory. The errors on the shifts are given in brackets. Note that for the ηS there are no shifts because the mass is fixed in lattice QCD [14] .
the mass of the heavy-heavy pseudoscalar meson, η h , to provide the same x-axis for all of our plots showing dependence on the heavy quark mass. The positions of c and b on these plots are then determined by the values of the η c and η b masses.
The experimental results for the η b and η c meson masses are 9.391(3) GeV and 2.981(1) GeV respectively [17] . Our lattice QCD calculation, however, is missing some ingredients from the real world which means that we must adjust the experimental values we use in our calibration. The key missing ingredients are electromagnetism, c quarks in the sea and the possibility for the η b and η c mesons to annihilate to gluons, which we do not allow for in determining our η c and η b correlators. These effects all act in the same direction, that of lowering the meson mass in the real world compared to that in our lattice QCD world. We estimate the total shift from these effects for the η c to be -5.4(2.7) MeV and for the η b , as -9(6) MeV [18] . The appropriate 'experimental' masses for the η c and η b for our calculations are then 2.986(3) GeV and 9.400(7) GeV.
Since we need to allow for the three ingredients missing from our lattice QCD calculation when we determine meson masses in section III, we give in Table II a summary of our estimates of these effects [10, 18] . These estimates will be used to shift the lattice QCD results for comparison to experiment. Effects on decay constants are much smaller and we do not apply shifts in that case but simply include an additional uncertainty in the error budget.
For consistency we fit a similar functional form to all quantities. This form must take account of physical heavy quark mass-dependence; discretisation errors and, for heavy-charm and heavy-strange mesons, mistuning of c and s quark masses. We use the standard constrained fitting techniques that we earlier applied to the correlators [15] . For the dependence on heavy quark mass and
The functional form for f0(M ), the leading power dependence on the heavy quark mass, used in fitting the different quantities described in section III using equation (5). The third and fourth columns give the prior values and widths for the parameters A and b. In most cases b was fixed and then a single number is given. Likewise the sixth column gives the prior value and width for the c ijkl where the sum was normalised so that c0000 was set equal to 1.
lattice spacing for each set of results f (M, a), we use
The quantity that we use for the heavy quark mass, M , is given by M = M η h . f 0 is a function giving the 'leading power' behaviour expected for each quantity. This is either derived from HQET or potential model expectations and takes the general form A(M/M 0 ) b . For the decay constants f Hc and f Hs we multiply this by the ratio of α s values at the b and the c raised to the power of −2/β 0 = -2/9 for n f = 3. This is the expected prefactor from resumming leading logarithms in HQET [19] . For α s we take α V from lattice QCD [3, 20] . We take M 0 to have the value 2 GeV so that the factor M 0 /M is approximately 1GeV/m b . We tabulate the different forms for f 0 in Table III along with the prior values taken for A and b. b is allowed to float for the fit to f η h . In other cases it is fixed to the expected value but we have checked that allowing it to float returns the expected value within errors. We take the same prior for A of 0 ± 2 in all cases.
The sum to the right of the leading term includes higher order corrections to the physical massdependence. These take the form of powers of M 0 /M , again using M 0 = 2 GeV. We allow for 8 terms in the sum so that there is enough leeway to describe (by Taylor's theorem) any physically reasonable functional form in the fixed mass range from c to b. For the heavy-charm case we in fact fit from M = 4 GeV upwards so that the functional form is that appropriate to the unequal valence mass case.
The other terms in the sum of eq. (5) allow for systematic errors resulting from sensitivity to the lattice spacing. Such discretisation errors depend on the lattice momentum cut-off, π/a, but can have a scale set by the different masses involved in the quantity under study. We allow for discretisation errors appearing with a scale of m 1 and m 2 , where m 1 and m 2 are the two quark masses in the meson (they will be the same in heavyonium). To be conservative we allow in addition further discretisation errors with a scale of Λ QCD where we take Λ QCD = 0.5 GeV. The powers of lattice spacing that appear in the terms must be even since discretisation errors only appear as even powers for staggered quarks. For the decay constants the c ijkl are normalised so that c 0000 = 1. For the mass differences the fits are normalised so that A is 1 and c 0000 floats. This is simply so that the fit can allow for significant discretisation errors when the physical mass difference is very small (particularly for the case of the B c to be discussed in section III C). The prior values for the other c ijkl are taken to be the same for all i, j, k and l but vary depending on the size of discretisation errors for the quantity being fit. They are larger for heavyonium than for heavy-strange quantities, for example. The values used are tabulated in Table III .
The mistuning of the strange and charm quark masses, where relevant, can be handled very simply because our tuning of these masses is in fact very good. We simply include an additional additive factor in the fit of
for heavy-strange mesons and
for heavy-charm mesons. The forms above allow for linear quark mass dependence away from the tuned point. We do not need to include higher order terms because we are so close to the tuned point but we do allow for an M -dependent slope with discretisation errors (although in most cases neither of these additions makes any difference).
To tune the strange quark mass we use the η s , an unphysical ss pseudoscalar meson whose valence quarks are not allowed to annihilate. Lattice QCD simulations show that its mass m ηs,contnm = 0.6858(40)GeV [14] when the strange quark mass is tuned (from the K meson). Being a light pseudoscalar meson, the square of its mass is proportional to the quark mass. To tune the c quark mass we use the η c meson, as discussed earlier. The η c meson is far from the light quark limit and so the meson mass is simply proportional to the quark mass. c s and c c are dimensionful coefficients that represent physical light quark mass dependence and can be compared between lattice QCD calculations and with models.
We do not include correlations between the results for different M on a given ensemble. We have not measured these correlations and the empirical Bayes criterion suggests that they are small. If we include a correlation matrix by hand for the results it makes very little difference, a fraction of a standard deviation, to the final results. Table I . Columns 2 and 3 give the corresponding bare heavy quark mass and the parameter, calculated at tree-level in m h a [10] . This corresponds to a coefficient for the Naik 3-link discretisation correction of 1 + . Meson masses from fitting these correlators using a simpler fitting form are given in [3] . Results given here are in agreement but somewhat more accurate. The results for heavy quark masses close to charm are also given in [10] .
We also do not include effects from sea quark massdependence but, based on earlier work [10] , we are able to estimate an uncertainty for that in our final results.
III. RESULTS

A. fη b
The correlators for pseudoscalar heavyonium mesons have very little noise and we can readily obtain groundstate masses with statistical errors in the fourth or fifth decimal place and ground-state decay constants with errors of 0.1%. Our results on each ensemble are given in Table IV .
Results for f η h are plotted against M η h in Figure 1 . Discretisation errors are apparent in this plot and lead are the values for the heavyonium vector decay constant at these physical points derived from the experimental leptonic widths for the J/ψ and Υ. The left-most black circle corresponds to the fictitious pseudoscalar ηs particle whose decay constant was determined in [14] .
to results at each value of the lattice spacing deviating substantially from the physical curve as the quark mass is increased. We fit the results to a physical curve allowing for discretisation errors as a function of the mass, as described in section II and using the priors from Table III. The power, b, in eq. (5) is allowed to float in the fit. The obvious approach from which to gain some physical insight in this case is that of the nonrelativistic potential model. In its simplest form this involves solving Schrödinger's equation for the wavefunction of a twoparticle system with reduced mass µ (= m b /2 for two b quarks) in a potential V (r) which is a function of the radial separation, r. At short distances we expect a Coulomb-like potential from QCD, and at large distances a string-like linear potential. However, other phenomenological forms that interpolate between these two at intermediate distances also work well at reproducing the bound-state spectrum, see for example [21] . The wavefunction is useful for a first approximation in calculations of transition rates. In this sense, the wavefunction at the origin, ψ(0), can be related to the decay constant by ψ(0) = f η h M η h /12. However, ψ(0) must be renormalised before it can be related to a physical matrix element and some of the radiative corrections are very substantial [21] . In addition values of ψ(0) vary widely with different forms for the potential that reproduce the same bound state spectrum because the spectrum itself provides little constraint on the potential at short distances [22] . Here we will make comparisons of our lattice QCD results to those from potential models but it is important to realise that the lattice QCD results for decay constants represent well-defined matrix elements in QCD and not model calculations.
For a potential model with potential r N power counting arguments yield ψ(0) ∝ µ 3/(4+2N ) (see, for example, [23] ). Then we would expect our fit for f η h to need b = 1 for N = −1 but b = 0 for N = 1, the two extremes of the QCD heavy quark potential. Simply from comparing values at c and b we might infer b ≈ 0.5. In fact our fit gives the result b = −0.08(10) but with significant power corrections in 1/M , so that a simple power in M does not describe the results using our parameterisation. The physical curve that we extract of dependence on the heavyonium meson mass is shown as the grey band in Figure 1 .
The
The first error comes from the fit and the second from additional systematic errors from effects not included in our lattice QCD calculation, i.e. electromagnetism, c quarks in the sea and (since we have not extrapolated to physical u/d sea quark masses here) sea quark mass effects. Both errors are split into their component parts in the error budget of Table V . We estimated the effects of electromagnetism on f ηc from a potential model in [10] . We take the same 0.4% error for f η b since it is a more tightly bound particle but with smaller electromagnetic charges. There is then some cancellation of the effect in the ratio f η b /f ηc . The effects of c quarks in the sea were shown to be similar to that of the hyperfine potential in [10] and the effect on f η h can then be estimated from the difference between f η h and its associated vector particle. This is very small as we show below. We therefore expect that missing c in the sea has a negligible effect on f ηc and we estimate 0.2% on f η b where it is magnified by (m b /m c ) 2 . Sea quark mass effects on f ηc were shown to be very small in [10] , at the same level as the statistical errors of 0.1%. For f η b we expect even smaller effects because it is a smaller particle. We take a 0.1% error nevertheless, but allow for some cancellation in the ratio of f η b /f ηc .
The two rightmost black points (at M η b and M ηc ) in Fig. 1 give the experimental values for the decay constants of the corresponding vector heavyonium mesons, J/ψ and Υ, for comparison to the results calculated here in lattice QCD for the η c and η b . The decay constant for a vector meson can be defined by: It has the advantage here that it can be extracted very accurately from experiment because vector heavyonium mesons can annihilate, through the vector currrent, to a photon, seen as two leptons in the final state. The relationship between the leptonic decay width and the decay constant is:
where e h is the electric charge of the heavy quark in units of e. The experimental results [17] give f J/ψ = 407(5) MeV and f Υ = 689(5) GeV, remembering that the electromagnetic coupling constant runs with scale and using 1/α QED (m c ) = 134 and 1/α QED (m b ) = 132 [24] . Thus 1% accurate results for this decay constant are available from experiment, and can be used to test lattice QCD. Lattice QCD calculations of the Υ decay constant can be done [25] but they are not yet as accurate as the results we give here for the η b .
The surprising result that we find on comparing the vector decay constant from experiment to the pseudoscalar decay constant from lattice QCD is how close they are. In the nonrelativistic limit, where spin effects disappear, the vector and pseudoscalar become the same particle. Away from this point, however, there can be substantial relativistic corrections, particularly for charmonium. Instead we find that the pseudoscalar decay constant is 3% lower than the vector in both cases with an error of 1-2%.
Unfortunately this cannot be directly tested through decay modes of the η c or η b . The decay rate to two photons is indirectly related to the decay constant as the leading term in a nonrelativistic approximation:
This formula has radiative and relativistic corrections at the next order. The decay width is not known for the η b and only very poorly known for the η c , with the Particle Data Group estimate given as 7.2(2.1) keV [17] . Substituting this into eq. (11) and taking m c = M ηc /2, justifiable at this order, gives f ηc = 0.4(1) GeV, where only the large error from experiment is shown. This is consistent with our value but much less accurate so does not provide a useful test.
As discussed earlier, a direct comparison of lattice QCD results for f η h and potential model values for ψ(0) is not particularly useful. Values for ψ(0) for the ground state in bottomonium vary by a factor of 1.5 for different forms for the potential in [22] . This variation is reduced somewhat, and radiative corrections cancel, if we compare the ratio of values at b and c. Here the lattice QCD result above of 1.698 (14) favours the strong variation of ψ(0) with quark mass seen in the Cornell potential. For this potential [22] gives a ratio ψ b (0)/ψ c (0) of 3.1, yielding a decay constant ratio of 1.8. Figure 1 also includes as the leftmost black point a value for the decay constant of the η s as determined from lattice QCD [14] . Although our fit becomes unstable below M of 2 GeV, it is interesting to see that f ηs does not look out of place on this plot as the light and heavy sectors are smoothly connected together.
B. mB s and fB s
Our calculations for heavy-strange mesons were described in [4] and so we only add briefly to that discussion here. In Table VI we give our full set of results, including values at a variety of strange quark masses for completeness. In [4] we used the heavy-strange mass itself as a proxy for the heavy quark mass and obtained good agreement for the mass of the B s with experiment and a value for f Bs of 225(4) MeV.
Here, for consistency with the other calculations, we use instead M η h for the heavy quark mass and the fit form given in eq. (5). For the heavy-strange meson mass, as in [4] , we fit to the mass difference:
We take account of mistuning of the strange quark mass using the factor given in eq. (6). For the decay constant fit we fix the power of the leading M -dependence, b = −0.5. Allowing b to float gives results for b in agreement with this value to within 20%. Our fit to ∆ Hs,hh a is shown in Figure 2 and gives χ 2 = 0.2 for 17 degrees of freedom. The values extracted at the c and b masses agree well, within 1σ, with our earlier results [4, 10] . When account is taken of electromagnetic and other effects missing in the lattice calculation these earlier results translate into values for m Ds = 1.969(3) GeV [10] and m Bs = 5.358(12) GeV [4] . The increased error at the b results from increased statistical and discretisation errors for heavier quark masses as well as the extrapolation in M . Our result for m Bs agrees within the 12 MeV error with that determined from full lattice QCD using a completely different Table I . Column 2 gives the s mass in lattice units, with several values on some ensembles around the correctly tuned value. Column 3 gives the corresponding mass for the goldstone pseudoscalar made from the s quarks, which is used for tuning. Column 4 gives the heavy quark mass. The corresponding values of the Naik coefficient are given in Table IV . Many of these results were given earlier in [4, 10] .
method (NRQCD) for the b quark [18] with very different systematic errors, providing a stringent test of lattice QCD. Our results also agree well with experiment [17] (m Ds = 1.968 GeV and m Bs = 5.367 GeV) and this provides a very strong test of QCD. The fit to the decay constant, f Hs , is shown in Figure 3 and gives χ 2 = 0.3 for 17 degrees of freedom. Again results at the b and c agree within 1σ with our earlier results which are: f Ds = 0.2480(25) GeV [10] and f Bs = 0.225(4) GeV [4] . Figures 2 and 3 give the physical fit curves as a func- tion of M η h . As expected, the curves are very similar to those in [4] since to a large extent the change is simply a rescaling of the x-axis. However they provide a consistency check that the parameterisation we use here, taking a different quantity to represent the heavy quark mass, works just as well. Table I . Set 1 is missing because mca is already close to the highest heavy quark mass that we use. Column 2 gives the c mass in lattice units, with several values on some ensembles around the tuned c mass, and column 3 the heavy quark mass. The corresponding values of the Naik coefficient are given in Table IV. C. mB c and fB c
Heavy-charm mesons are of interest because a family of gold-plated bc mesons exists of which only one, the pseudoscalar B c [26, 27] , has been seen. Traditionally these particles have been viewed as further examples, beyond bb and cc, of a heavy-heavy system and therefore a test of our understanding of this area. bc mesons, however, have a lot in common with heavy-light systems. In fact they provide a bridge between heavy-heavy and heavylight and so test our contol of QCD much more widely. The more accurately we can do these tests, the better they are.
Lattice QCD calculations of the B c mass can be done very accurately. Indeed the mass of the B c was predicted ahead of experiment with a 22 MeV error [28] using NRQCD for the b quark and the 'Fermilab' clover action for the c quark. The error was later reduced to 10 MeV by using a more highly improved action, HISQ, for the charm quark [18] . Here we use the HISQ action for both the c quark and the heavier quark up to the b mass to obtain results in a completely different heavy quark formalism. In addition we calculate the decay constant of the B c for the first time in full lattice QCD.
To determine the B c mass we use the mass difference to the average of the associated heavyonium states: ∆ Hc,hh is a measure of the difference in binding energy between the symmetric heavyonium states made of c and h quarks and the heavyonium state made of two different mass quarks, c and h. Here we map out ∆ Hc,hh as a function of the heavy quark mass, and reconstruct M Bc from ∆ Hc,hh determined at h = b. ∆ Hc,hh can be determined with high statistical accuracy because all of the states involved have very little noise. The fact that ∆ Hc,hh is very small ( 0 for m h = m c by definition and less than 100 MeV when m h = m b ) also means that lattice errors from, for example, the uncertainty in the lattice spacing are very small. In fact, for this calculation, as discussed below, key sources of error are the uncertainties from electromagnetic, annihilation and c-in-the-sea shifts to the masses. Table VII gives our results for the masses and decay constants of the H c mesons calculated using quark masses that are close to that of the c quark mass on each ensemble and then all the heavier masses for h. We give results for more than one value of the c quark mass on the fine and superfine ensembles (sets 3 and 4) so that slight mis-tuning in the c quark mass can be corrected for. It is clear from the results that ∆ Hc,hh can be calculated with a statistical accuracy of better than 1 MeV. Errors from uncertainties in the lattice spacing are also at this level. Figure 4 shows ∆ Hc,hh plotted against M η h for the results at different values of the lattice spacing. A fairly clear linear dependence is evident. ∆ Hc,hh would be expected to increase linearly with M η h at large M η h , in the same way as ∆ Hs,hh , from a simple potential model argument. The binding energy of the η h becomes increasingly negative, roughly in proportion to M η h as it increases (at least for a r N potential with N = −1), whilst the binding energy of the H c meson does not change. A corollary of this is that the dependence of ∆ Hc,hh on M ηc (as proxy for m c ) would also then be expected to be linear with a slope of opposite sign and roughly three times the magnitude. The factor of three is because the binding energy of the η c becomes more negative as M ηc increases, with the same dependence as the η h binding energy has on M η h . The H c binding energy will also become more negative but have double the slope because the reduced mass of the H c system is roughly m c rather than m c /2 for the η c . On top of this M ηc appears halved in ∆ Hc,hh .
Interestingly this factor of -3 does seem to be approximately true in comparing Figure 5 , which shows the dependence of ∆ Hc,hh on M ηc , with Figure 4 . Figure 4 gives a slope of ≈ 0.012 (over the full range) and Figure 5 gives slopes varying from -0.03 to -0.04 over a small range in M ηc , as M η h increases. In our fit to ∆ Hc,hh we include the effect of mistuning m c (from eq. (7)) and obtain consistent values from that.
We fit ∆ Hc,hh as a function of M η h (above 4 GeV) using the fit form described in section II. The leading mass dependence is taken to be M η h − M ηc , so that ∆ Hc,hh vanishes when M η h = M ηc as it must by definition. As described in section II we include a sum of power correction terms and lattice spacing dependent terms with priors given in Table III . The fit gives χ 2 of 0.3 for 11 degrees of freedom and result:
The resulting physical curve of heavy quark mass dependence is shown in grey on Figure 4 . The comparison to experiment is given by the black dot with error bar at h = b. This experimental result has been shifted to be the appropriate value to compare to our lattice QCD calculation as we now describe. The current world-average experimental result for
MeV [17] . There is a sizeable experimental error coming mainly from the B c but also from the η b . Our lattice QCD calculation is done in a world without electromagnetism or c quarks in the sea and in which the η b and η c do not annihilate. The absence of these effects (i.e. to compare to our lattice result) produces shifts to the masses as discussed in section II. Estimated values for the shifts are given in Table II . The net effect is to shift the experimental value of ∆ Bc,hh down by -8(7) MeV, where the error takes the shifts to be correlated. The 'experimental' value of ∆ Bc,hh to compare to our lattice result is then 84(9) MeV, marked on Figure 4 . Our lattice result agrees with experiment, once these shifts are made, within 2σ. From ∆ Bc,bb we can reconstruct the B c meson mass, now applying the shifts above to the lattice QCD calculation to obtain a result that can be compared to experiment. This gives the result M Bc = 6.259(9)(7)GeV.
Here the first error comes from the fit and the second error from the shifts applied to include missing real world effects as well as experimental uncertainties in the η b and η c masses. As can be seen, this is a sizeable part of the total error in this case. We also include in this second error an estimate of sea quark mass effects using results from [10] . There we saw no such for an equivalent quantity for m Ds within 1 MeV statistical errors and so take that as the error here. Table VIII gives the complete error budget for ∆ Bc,bb breaking down both errors into their components. Our result for M Bc can be compared to experiment (6.277(6) GeV) and to our result from lattice QCD using a completely different formalism, NRQCD, for the b quark (6.280(10) GeV [18] ). We agree, within 2σ with both results even allowing for the fact that the comparison within lattice QCD can be done before any shifts are made or errors allowed for them. This is a strong confirmation of the control over errors that we now have in lattice QCD. The method given here for determining m Bc (as for the method for m Bs in section III B) does depend on the experimental η b mass; the mass difference determined in lattice QCD is not particularly sensitive to it but when the mass is reconstructed from the difference, m η b /2 is added in. Recent results from the Belle collaboration [29] have M η b = 9.402(2) GeV, significantly higher than the previous world-average [17] . Using the Belle result for M η b pushes our values for m Bc and m Bs 6 MeV higher. In both cases this improves the agreement with experiment but is not significant given the 11 MeV error. Note that our earlier NRQCD results are hardly affected at all by a change in the η b mass because they determined a mass difference to the spin-average of the Υ and η b masses, which is dominated by the Υ mass.
Results for the H c decay constant, f Hc , are also given in Table VII . The rate for B c leptonic decay to lν via a W boson is proportional to the square of the decay constant multiplied by CKM element V cb as in eq. (4). In practice this decay will be very hard to see experimentally, but a lattice QCD calculation of the decay constant also provides a useful test for phenomenological model calculations.
The results at different values of m c can again be used to tune the decay constant accurately to the result at the physical c quark mass. Figure 6 shows the dependence of f Hc on M ηc acting as a proxy for the c quark mass. Results on fine and superfine lattices are shown -there is clear agreement on the physical slope of f Hc with M ηc between superfine and fine and it does not vary with the heavy quark mass. The slope is small, approximately 0.06, but clearly visible. We will compare this to the slope for f Hs with m s in section IV. The H c decay constant is plotted as a function of M η h in Figure 7 . Notice that it is much flatter than the corresponding plot for f η h (Figure 1 ). We expect behaviour as 1/ M η h whether we view heavy-charm as a heavylight system (in which case the behaviour will be similar to heavy-strange) or as a heavy-heavy system (in which case the argument becomes that ψ(0) depends on the reduced mass µ, tending to m c for large m h , and then the decay constant falls as the square root of the heavy mass).
As before, we fit f Hc to the function of M η h (above 4 GeV) described in section II. We take the leading term given in Table III to be that expected from HQET arguments appropriate to heavy-light physics. Our fit has χ 2 = 0.7 for 11 degrees of freedom and gives result:
Here the first error is from the fit and the second from additional systematic effects missing from our lattice QCD calculation. These we estimate based on the arguments given for the η h in section III A. The error from missing electromagnetism and from sea quark mass effects we take to be the same as for the η b at 0.4% and 0.1% respectively; missing c in the sea should be a factor of m c /m b smaller at 0.04%. Table VIII gives the complete error budget. f Bc can be converted into a branching fraction for leptonic decay using the formula of eq. (4) and the unitarity value of V cb . We predict a branching fraction to τ ν of 0.0194 (18) . The error here comes mainly from the experimental determination of the B c lifetime with a smaller effect from the uncertainty in V cb . Our value for f Bc contributes a 3% error. Because of helicity suppression the branching fraction smaller for other lepton final states (8 × 10 −5 to µν, for example). The value we obtain for f Bc can be compared to results from potential models. As discussed earlier in the context of f η h , potential model results have a lot of variability and raw values for ψ(0) need renormalisation. A more useful comparison is to compare ratios. Our lattice QCD results give f Bc /f ηc = 1.08(1) and f η h /f Bc = 1.57 (2) . The range of potentials considered in [22] give values from 0.90 to 1.02 for f Bc /f ηc and 1.34 to 1.72 for f η h /f Bc . Again the largest number is always from the Cornell potential. Potential model values for ψ(0) converted to f Bc simply using f = ψ(0) 12/M Bc yield results varying from 0.5 to 0.7 GeV i.e. significantly larger than the well-defined value for f Bc from lattice QCD.
The values for f Bc from potential models provide input to estimates of the production cross-section of the B c at the LHC. In the factorisation approach the cross-section is proportional to the square of f Bc , with typical values for f Bc being taken as 0.48 GeV [30] . Our results indicate that this could be leading to a 25% overestimate of the production rate.
IV. DISCUSSION
An interesting issue is to what extent the B c meson is a heavy-heavy particle and to what extent, a heavylight one at the physical values we have for b and c quark masses. Here we address this by comparing the behaviour of B c properties to those of η h and B s using the results from section III.
An alternative to calculating ∆ Hc,hh to study the heavy-charm meson mass is to take differences between heavy-charm and heavy-strange and charmstrange mesons. We define
so that ∆ Hc,hs is a positive quantity. Once again it amounts to a difference in binding energies but now between a set of mesons that are all effectively 'heavy-light' states. Indeed a study of ∆ Hc,hs shows us to what extent the B c can be considered a heavy-light particle rather than, or as well as, a heavy-heavy one. Figure 8 shows ∆ Hc,hs , with all results tuned accurately to the correct c and s masses, as a function of the heavy quark mass, again given by the η h mass. In fact ∆ Hc,hs shows very little dependence on the heavy quark mass above a value of M η h of about 6 GeV. HQET would expect the leading m h -dependent piece of ∆ Bc,hs to be given by the difference of the expectation values of the kinetic energy operator, p 2 h /2m h , for the heavy quark in a heavy-charm meson and a heavy-strange meson, ignoring the effect of spin-dependent terms which are expected to be smaller. Figure 8 shows that this difference is not large i.e. the charm quark is behaving in a similar way to a light quark (but does have a larger expectation value for its kinetic energy operator as might be expected) when combined with a heavy quark of order twice its mass or heavier.
We fit m Hc,hs as described in section II and using the fit form and priors tabulated in Table III The coefficient is not very accurately determined because we allow for many higher order terms. In fact the sign of the slope is clear from Figure 8 with a positive slope with M η h corresponding to a negative value for the coefficient of the 1/M term, as expected.
The variation of ∆ Hc,hs with M ηc agrees well with that found in our calculation using NRQCD b quarks [18] giving a slope of 0.07 at the b. Likewise the variation with M 2 ηs also agrees well with the slope of 0.4 found in [18] . Our fit to ∆H c , hs is independent of our earlier fit to ∆ Hc,hh (although it uses some of the same numbers) and so the results provide a consistency check. We find at h = b that:
∆ Bc,bs = 1.052(9)(3)GeV (18) which agrees well within 1σ with the same quantity calculated using NRQCD b quarks [18] . The result when h = c is consistent within 1σ with double the result from m Ds − m ηc /2 given in [10] . The first error above is from the fit and the second from the systematic error for sea quark mass effects, taking the same 1 MeV as for ∆ Bc,bb , and the effects of missing electromagnetism and c in the sea. The shifts and errors for these latter effects are given in Table II and we take those errors to be correlated. The value above for ∆ Bc,bs combined with experimental results for M Bs and M Ds [17] (the net shift from Table II amounts to a negligible 0.2 MeV) gives:
consistent within 2σ with our result from ∆ Bc,bb given in section III, and slightly more accurate. We therefore adopt it as our final result here. The complete error budget for ∆ Bs,bs is given in Table VIII . In figure 9 we show the ratio of η h and H c decay constants to that of the H s , plotted from our physical curves as a function of M η h . The ratio f η h /f Hs rises strongly with M η h , because of the big difference in the dynamics of heavy-heavy and heavy-strange mesons, whereas the ratio f Hc /f Hs tends to a constant at large M η h . As explained in section III C this latter behaviour would be expected whether the heavy-charm is viewed as a heavyheavy or heavy-light state, because the reduced mass of the heavy-charm system is controlled by the charm mass in the large heavy mass limit.
Further insight comes from comparing the dependence of the heavy-charm and heavy-strange decay constants on m c and m s respectively. Figure 10 plots the relative change of f Hc or f Hs to its value at the tuned mass point for a given relative change in the light quark mass. The strange quark mass is monitored by the value of M , between that of c and b. These are obtained from our fit functions at a = 0 and tuned s and c masses. All numbers are in GeV. There is no result for fH c at 3 GeV because that point is not included in that fit.
two. However the slope of the Figure 10 is 1/3 (see also Figure 6 ), much less than the slope of 1 expected if f Bc ∝ m c . This latter behaviour would be approximately that expected in a heavy-heavy picture in which ψ(0) ∝ µ, with the reduced mass, µ, close to m c in the B c case. The linear behaviour of ψ(0) would be consistent with the picture we have of the η h in Figure 1 , where µ ≈ M η h /4, using b ≈ 0.5.
V. CONCLUSIONS
By using a relativistic approach to heavy quarks (HISQ) which has relatively small discretisation errors we have been able to map out the dependence on heavy quark mass of the pseudoscalar heavyonium, heavystrange and heavy-charm decay constants and the heavystrange and heavy-charm meson masses, complementing results in [3, 4] .
We find the heavyonium decay constant surprisingly close in value to the experimental results for the charmonium and bottomonium vector decay constants. Work is underway to confirm this result using NRQCD for the heavy quark and to establish accurate results for the corresponding vector decay constants in lattice QCD. Although the η h decay constant has no simple connection to an observed experimental rate, it is useful for comparison and calibration of lattice QCD calculations in heavy quark physics since it can be determined to 1%, as we have done here. Our result for the B c meson mass agrees well using the two different mass splittings, ∆ Bc,hh and ∆ Bc,hs and also agrees with the experimental value. This is confirmation of our earlier result [18] using NRQCD b quarks and HISQ light quarks.
We determine the B c decay constant as 427(6) MeV, for the first time in full QCD, predicting a leptonic branching ratio for the B c to τ ν of 1.9(2)% (where the uncertainty comes from t Bc , not f Bc ). Our result for f Bc is significantly smaller than that from some potential model calculations, including those being used to estimate LHC production cross-sections [30] . The best way to determine the B c leptonic decay rate, and hence f Bc , from experiment may be using a high luminosity e + e − collider operating at the Z peak [36, 37] . By mapping out the dependence on the heavy quark mass of the H c , H s and η h decay constants we are able to see the differences between the three systems. This is summarised in Figure 11 where we give the physical curves determined from our fits. In section IV we provide evidence that the B c behaves, at least in some ways, more like a heavy-light system than a heavy-heavy one. We previously noticed this effect in [38] when finding that the mass difference between B * c and B c was very close to the difference between B * s and B s . Table IX gives results extracted from our fits at intermediate values of M η h from M ηc to M η b for comparison to future lattice QCD calculations or to phenomenological models. The values are determined by evaluating our fit function in the continuum limit and at tuned s and c masses, corresponding to the black line in Figs. 1, 2, 3 , 4, 7 and 8.
In Figure 12 we summarise the current picture for the decay constants of gold-plated mesons, determined from lattice QCD and from experiment. For lattice QCD we use the best existing results which dominate the world averages [1, 4, 10, 11, 31, 32] . For the experimental values for the unflavored vectors we use leptonic widths to e + e − from the Particle Data Tables [17] and eq. (10). For the flavored pseudoscalars the determination of the decay constant from experiment requires the input of a value for the associated CKM element, for example from the unitarity fit to the CKM matrix [17] . We update the D and D s experimental determinations to the averages including new results from BESIII [34] and Belle [35] respectively.
This plot goes beyond the traditional plot of the mass spectrum [1] to look at a number which is related to the internal structure of the meson. The energy scale for decay constants is controlled by internal momenta inside the meson and so is much compressed over the scale for masses (which covers a large range simply because quark masses have a large range). The pseudoscalar meson decay constants are well filled in but more work is needed to obtain the vector decay constants to the same level of accuracy. This is underway and once complete, this plot will provide a very stringent test of QCD that would be impossible with any method other than lattice QCD.
From our results here and in [3, 4] we see that the relativistic heavy quark approach using the HISQ formalism can successfully give results for the b quark. Future work will use even finer lattices. For a = 0.03fm, for example, the b quark mass in lattice units is around 0.5 and so we can easily achieve this mass without the need for extrapolation. . Results for fB c and fη b come from this paper, fD s and fη c from [10] , fπ and fK from [31] , fB from [11] and fD from [32] . Experimental results are given by red shaded bars. For unflavored vector mesons these come from [17] using eq. (10). fπ and fK are from [17, 33] , fD is the updated experimental average from [34] and fD s , from [35] . fB is not well-determined from experiment. We use the result from [1] using averages from [17] .
